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We discuss why regular observables can not be proper entanglement measures, and how observ-
ables in a generalized setting can be used to make an entanglement monotone a directly observable
quantity for the case of pure states. For the case of mixed states, these generalized observables can
be used to find valid lower bounds on entanglement monotones that can be measured in laboratory
experiments in the same fashion as it can also be done for pure states.
PACS numbers: 03.67.-a, 03.67.Mn, 89.70.+c
Quantum entanglement constitutes a fundamental
qualitative difference of many body quantum systems as
compared to their classical counterparts, and its signa-
tures are observed in various ways. For example the suc-
cess of a teleportation protocol [1]is an unambiguous ev-
idence of entanglement. And, there are also more direct
ways to experimentally verify the existence of entangle-
ment in a quantum system, such as entanglement wit-
nesses [2, 3], or Bell inequalities [4, 5, 6, 7, 8]. Those
quantities provide reliable tools for the verification of en-
tanglement, and they have been used to prove the suc-
cessful preparation of entangled states in various labora-
tory experiments [9, 10].
But, although signatures of entanglement can be ob-
served in actual laboratory experiments, entanglement
per se is not a regular physical observable. That is, there
is no hermitean operator such that the value of an entan-
glement measure could be given by its expectation value
for any state of a composite quantum system.
On the other hand, the experimental quantification of
entanglement is a vital ingredient both for fundamen-
tal investigations, such as tests of the emergent classical
behavior of large quantum systems, as well as for more
application oriented tasks, as for example the establish-
ment of entanglement over large distances for purposes
of secure communication [11, 12]. Typically, an entangle-
ment measure can not be measured, but rather has to be
evaluated what requires the knowledge of the complete
density matrix. Left aside the mathematical issues for
such an evaluation, the experimental reconstruction of
the density matrix, requires the determination of a com-
plete set of observables; and since the number of such
observables grows rapidly with the dimension of the sys-
tem, such a quantum state tomography [13] is a viable
solution only for rather small systems.
Any entanglement measure satisfies a rather strong in-
variance condition – that is, it has to be invariant un-
der arbitrary local unitary transformations. Regular ob-
servables, however, typically do not have this invariance,
and as a consequence thereof, one has to measure vari-
ous such observables in order to construct an invariant
quantity. In the sequel we will elaborate on how invari-
ant observables can be found in a generalized setting of
measurements performed on quantum systems, and how
entanglement monotones [14] can be expressed in terms
of a only few of such observables.
I. MEASURING NON-LINEAR FUNCTIONALS
There is an abundance of proposed inequivalent entan-
glement monotones, or -measures for quantum states of
composite systems, i.e. a systems that decompose into
two or more subsystems. Formally, the term ‘composite’
implies the the Hilbert space H that describes the system
is given by the tensor product of the subspaces Hi that
describe the individual subsystems.
Virtually the only property that all those inequivalent
quantities share is that all of them are non-linear func-
tionals of the quantum state whose entanglement prop-
erties they aim to describe. A common example is the
v. Neumann entropy S = −Tr%r ln %r of the reduced
density matrix %r, which is obtained by tracing over one
subsystem of a pure bipartite quantum state |Ψ〉〈Ψ|.
Therefore, a necessary requirement for a direct obser-
vation of such an entanglement measure is the ability to
measure non-linear properties of quantum states. Such a
task is indeed possible after the repeated preparation of
the same state in an identical fashion [15, 16, 17, 18, 19].
Typically, in an experiment with single quantum systems,
a state is prepared repeatedly, and after each preparation
a measurement is performed, so that after many repeti-
tions reliable measurement statistics is obtained. If one,
however, waits with the measurement after several rep-
etitions of the preparation, then one is able to perform
a measurement on n identically prepared quantum sys-
tems, instead of a single one. Doing so, one can measure
collective observables on n ‘copies’ TrAn%⊗n instead of
TrA1%.
If the experimental preparation works like a perfect
source that repeatedly emits the same state |Ψ〉, then
one has indeed an n-fold copy |Ψ〉⊗n after n repetitions.
Though, what happens, if the preparation is imperfect,
and one has to treat it like an imperfect source that emits
different states |Ψi〉 with corresponding probabilities pi,
what gives rise to a density matrix % =
∑
i pi|Ψi〉〈Ψi|?
At each emission the source produces the state |Ψi〉
with probability pi. Thus, after n emissions the string
|Ψi1〉⊗ |Ψi2〉⊗ . . .⊗|Ψin〉 has been prepared with proba-
bility pi1pi2 . . . pin . After N  1 repetition of this n-fold
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2flawed emission, this is equivalent to the repeated flaw-
less preparation of an n-fold copy of the density matrix
%: ∑
i1,...,in
pi1 . . . pin |Ψi1〉〈Ψi1 |⊗. . .⊗|Ψin〉〈Ψin | = %⊗n . (1)
Thus, given this ability to produce identically prepared
quantum states, one can observe experimentally collec-
tive properties, such as TrA2% ⊗ %, TrA3% ⊗ % ⊗ %, or
TrAn%⊗n.
II. INVARIANT OBSERVABLES
A necessary requirement for a quantity to be an entan-
glement monotone is that it is invariant under arbitrary
local unitary transformations. Since this has to be sat-
isfied for Tr%⊗nA, for any state %, we require that the
operator A itself is invariant under local unitaries. That
is, we need to find invariant observables An in an n-fold
Hilbert space H⊗n:
A = u⊗n1 ⊗ u⊗n2 A
(
u†1
)⊗n ⊗ (u†2)⊗n , (2)
for arbitrary unitaries u1 (acting on H1), and u2 (acting
on H2), where we have been assuming the bipartite case
H = H1 ⊗ H2 for simplicity. The following reasoning,
however, also generalizes to the multipartite case in a
straight forward manner.
Like any operator, one can expand A in terms of a com-
plete set of local operatorsA =
∑
ij Aijσi⊗κj , where {σi}
is a complete set of operators acting on H⊗n1 , and {κj}
is a complete set of operators acting on H⊗n2 . Since A is
invariant under local unitaries, it also equals its avarage
over all such transformations
A =
∫
dµ(u1)dµ(u2) u⊗n1 ⊗ u⊗n2 A
(
u†1
)⊗n ⊗ (u†2)⊗n
=
∑
ij
Aij σ˜i ⊗ κ˜j , (3)
with
σ˜i =
∫
dµ(u1) u⊗n1 σi
(
u†1
)⊗n
, (4)
κ˜j =
∫
dµ(u2) u⊗n2 κi
(
u†2
)⊗n
. (5)
The averaged operators σ˜i, and κ˜j now are local op-
erators that are invariant under arbitrary local unitary
transformations. That is, any global operator that is in-
variant under local unitaries can always be decomposed
into local invariant operators. This does not only allow
us to restrict the search for invariant observalbes to lo-
cal ones – what is a rather technical advantage – but it
also implies that any measurement of an invariant observ-
able can always be decomposed into local measurements
without loosing the advantage of measuring invariant ob-
servables.
Therefore, we will be looking for invariants in an n-fold
Hilbert space h⊗n, where h can be any of the subspaces
Hi associated with a composite quantum system. Let us
start out with an observable on a single Hilbert space h.
Since A needs to be invariant under arbitrary unitaries
u, it – in particular – has to be invariant under infinites-
imal transformations 1+ iεh, where h is hermitean. For
such infinitesimal transformations the invariance condi-
tion reduces to [A, h] = 0. That is, we need an observable
that commutes with arbitrary hermitean operators, and
this condition is satisfied only for the identity 1. In-
deed, the fact that the identity is the only operator that
is invariant under arbitrary unitaries is well known from
Shur’s lemma. If, however, we consider the case of mul-
tiple copies, an observable A only needs to be invariant
under unitary transformations of the form u⊗n, what is
a significantly smaller class than arbitrary unitaries in
h⊗n. And, indeed one can find non-trivial observables
that satisfy this invariance.
Such invariant operators can be constructed in a par-
ticularly simple fashion with the help of permutation op-
erators Π. In the simplest case of a two-fold copy, there
is the permutation operator Π12 that exchanges the two
copies; i.e. its action on a state |Ψ〉 ⊗ |Φ〉 ∈ h⊗ h reads:
Π12|Ψ〉 ⊗ |Φ〉 = |Φ〉 ⊗ |Ψ〉. For a three-fold copy there
are permutations that exchange the states of two of the
Hilbert spaces and leave the state of the third space un-
changed, such as Π12|Ψ〉⊗ |Φ〉⊗ |Ξ〉 = |Φ〉⊗ |Ψ〉⊗ |Ξ〉, or
the cyclic permutation with the action Πc|Ψ〉⊗|Φ〉⊗|Ξ〉 =
|Ξ〉⊗|Ψ〉⊗|Φ〉. And, similarly, permutation operators can
be found for any multiple product h⊗n of a Hilbert space
with itself. Now, any permutation Π on h⊗n commutes
with arbitrary n-fold unitaries u⊗n; and since permuta-
tions are also hermitean, we have indeed found a set of
invariant observables. In the following, however, we will
not focus on the permutation operators themselves, but
rather on the projectors onto their eigenspaces. Since,
however, any such projector P can be written as a sum
over powers of projectors, also these projectors are valid
invariant observables.
For the sake of specificity, let us look more closely into
some exemplary case of such projectors, and take Π12 for
a twofold product of h. Two consecutive permutations
Π12 are the identity operation Π212 = 1. Therefore, Π12
has eigenvalues λ± = ±1. The projector onto the space
that is spanned by the eigenvectors that are associated
with the eigenvalue λ+ = 1, reads P+ = (Π12 + Π212)/2,
and the projector onto the second eigenspace of Π12 is
P− = (−Π12 +Π212)/2. Now, P+ is the projector onto the
symmetric states |φi〉 ⊗ |φj〉 + |φj〉 ⊗ |φi〉, that is those
states that are invariant under the application of Π12,
whereas the antisymmetric states |φi〉⊗|φj〉−|φj〉⊗|φi〉,
that span the range of P−, obtain a prefactor of ‘−1’ upon
Π12. In the common case of two-level systems, there is a
single anti-symmetric state – the singlet (|01〉−|10〉)/√2,
so the the projector P− onto the antisymmetric subspace
is one-dimensional; the projector P+ onto the symmetric
part in turn is three-dimensional, and is comprised of the
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FIG. 1: Schematic setting of the observables that yield con-
currence (left) of a bipartite system, and the tangle (right) of
a three-partite system. Each of the two equivalent sources
S emits a bipartite state |Ψ〉, and each of the individual
subsystems is symbolized by a black line. The concurrence
of the state |Ψ〉 is given in terms of the probability to find
both the two first-subsystem components and the two second-
subsystem components of the twofold state |Ψ〉 ⊗ |Ψ〉 in an
antisymmetric state. The tangle of a tri-partite system can
be given in a similar fashion with four identically prepared
quantum systems.
triplet states.
III. ENTANGLEMENT MEASURES FOR PURE
STATES
Now, one can indeed recover various well known en-
tanglement measures in terms of the above invariant ob-
servables. The most frequently used of those is probaly
concurrence [20]. It is obtained with the help of a twofold
copy of a state |Ψ〉, and reads
c(Ψ) =
√
〈Ψ|⊗2PA− ⊗ PB− |Ψ〉⊗2 , (6)
where A labels the first-, and B the second subsystem.
That is PA− acts on the first-subsystem components of
both copies of |Ψ〉, whereas PB− acts on the two second-
subsystem components as shown schematically in Fig. 1.
In more practical terms Eq. (6) states that the concur-
rence of an arbitrary pure state is given in terms of the
probability to finding both the first-subsystem compo-
nents and the second-subsystem components in an anti-
symmetric state.
Also the well known tangle [21] for tripartite systems
can be expressed in the present framework, if observables
on fourfold copies are invoked. But although four copies
are required, it is indeed sufficient to perform collective
measurements only on pairs of subsystems:
τ(Ψ) =
(
〈Ψ|⊗4PA12− PA34− PB13− PB24− PC12− PC34− |Ψ〉⊗4
) 1
4
.
(7)
Here, we dropped the symbol of the tensor product for
brevity, and the indices on A, B, and C specify on which
copies the corresponding operators are associated; PA12− ,
for example acts on copy ‘one’ and ‘two’ of subsystem A,
as sketched in Fig. 1.
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FIG. 2: The G-concurrence can be expressed in terms of the
present invariant observables, as shown schematically simi-
larly to Fig. 1 For the case of three-level systems, it is given
in terms of the probability to observe the first-subsystem com-
ponents of the first and second copy in an antisymetric state,
and the second subsystem components of the second and third
subsystem in an antisymmetric state. For a bipartite four-
level system it is given with the help of a fourfold copy as
depicted schematically.
Tangle, and concurrence are – although defined here for
arbitrary dimensional systems – typically used to char-
acterize two-level systems. In particular, for a bipar-
tite two-level system, the entanglement of pure states is
characterized completely by concurrence, and all other
measures can be expressed as function of concurrence
only. For higher dimensional systems, however, this is no
longer true, and more than a single monotone is required
for an exhaustive characterization of the entanglement
properties, even of pure states. Just to give a few exam-
ples that allow to see, how various entanglement mono-
tones can be expressed in terms of the present invariant
observables, we show how the so-called G-concurrence cG
[22] is readily expressed within the present framework. In
terms of the Schmidt coefficients {λi} of a state |Ψ〉 of a
d × d system, the G-concurrence reads cG = (Πdi=1λi)
1
d .
That is, cG vanishes for all states that are not of maximal
Schmidt rank. For the case of a 3× 3-system cG reads
cG(Ψ) =
(
〈Ψ|⊗31A1
(
PA23− −
PA23+
3
)
PB12− 1
B3 |Ψ〉⊗3
) 1
3
,
(8)
in terms of the projectors P± acting on the respective
subsystem components of two of the three copies of |Ψ〉.
1 is the identity, and it implies that no measurement
has to be performed on the corresponding subsystem.
Analogously, also for a 4 × 4 system the G-concurrence
can be found in terms of the invariant observable
A = (PA12− P
A34− −
PA12+ P
A34
+
3
)PB13− P
C24− (9)
on a fourfold copy of |Ψ〉, as also shown schematically in
Fig. 2.
4IV. ENTANGLEMENT MEASURES FOR
MIXED STATES
All the above considerations concerning invariant ob-
servables directly apply also to mixed states. How-
ever, none of the above quantities are valid entanglement
monotones for mixed states, but only for pure ones; and
a major difference between entanglement monotones for
pure states, and those of mixed states is that in the lat-
ter case typically no closed form of the functional depen-
dence on the state is known. The concurrence for 2 × 2
systems [23], and the negativity [24] are among the few
exceptions, where the functional dependence is known at
least implicitly, and both quantities can be measured ex-
actly on up to four identically prepared quantum states
in the 2 × 2 case [16, 25, 26]. The negativity, and other
separability conditions can also be measured for higher
dimensional systems [27]. However, apart from these
special cases, the direct measurement of proper entan-
glement monotones is not possible because no entangle-
ment monotone can be given as functional of a quantum
state in closed form, but typically it is given in terms of a
mathematical optimization problem. Also, as the studies
of [27] suggests, an exact characterization of an entangle-
ment monotone is expected to require measurements on a
number of copies that increases with the dimension of the
system to be analyzed. The necessity to provide simulta-
neously a too large number of identically prepared quan-
tum systems, however, makes such an approach infeasible
for large quantum systems. Therefore, we present here a
compromise of accuracy and effort. That is we will sat-
isfy ourselves with lower bounds on entanglement mono-
tones, but restrict the number of simultaneous copies on
which measurement are to be performed. A lower bound
is a reliable quantity, and the restriction to a maximum
number of copies guarantees suitable scaling behavior.
Any entanglement monotoneM for pure states can be
generalized to mixed states via the convex roof construc-
tion
M(%) = inf
{pi,|Ψi〉}
∑
i
piM(Ψi) , (10)
where the infimum is taken over all decompositions % =∑
i pi|Ψi〉〈Ψi| of % into pure states. All the pure state
monotones that we have been discussing above are ho-
mogeneous functions in the density matrix, i.e. they
satisfy M(p%) = pM(%). This allows to reformulate
the convex roof construction in terms of subnormalized
states |ψi〉 = √pi|Ψi〉, so that the infimum is to be taken
among all decompositions % =
∑
i |ψi〉〈ψ| into subnor-
malized states. Given that, we can now describe a gen-
eral prescription of how to find bounds on convex roof
entanglement monotones whose pure state counterpart
is of the form
M(Ψ) = (〈Ψ|⊗nAn|Ψ〉⊗n) 1n . (11)
What one has to find is an operator Vn – that, in turn
is constructed to be an invariant observable – such that
the inequality
n∏
i=1
c(ψi) ≥
(
n⊗
i=1
〈ψi|
)
Vn
(
n⊗
i=1
|ψi〉
)
(12)
holds for arbitrary states {|ψi〉}. Although, there is no
general prescription of how to prove such a relation, such
an algebraic inequality is significantly easier to handle
than the original optimization problem defined by the
convex roof construction above. Given Eq. (12), one can
then find the desired bound onM(%) for arbitrary mixed
states in the following fashion:
(M(%))n = inf
∑
i1i2...in
in∏
j=i1
M(ψj) (13)
≥
∑
i1i2...in
( in⊗
j=i1
〈ψj |
)
Vn
( in⊗
j=i1
|ψj〉
)
(14)
= Tr %⊗n Vn . (15)
Here, we arrived at Eq. (14), staring out with Eq. (13),
and making use of Eq. (12). Since the right hand side of
Eq. (14) does not depend on in which pure state decom-
position of % it is evaluated, the infimum can be dropped
there. That is, we end up with a general lower bound on
a given monotoneM for arbitrary mixed states that can
be measured on n identically prepared quantum states
thereof.
A. Storage errors
So far, we have been assuming that all the n copies on
which a measurement is performed are really identically
prepared. However, in actual laboratory experiments,
such a condition will typically not be given with perfec-
tion. Since all the n copies have to be available at the
same time, they either have to be prepared in parallel
using different sources, or they are prepared sequentially
by the same source, and stored until all n quantum states
have been prepared. In both cases, however, experimen-
tal imperfections might lead to the preparation of an n-
fold string of different states %1⊗%2⊗. . .⊗%n, rather than
%⊗ %⊗ . . . %. In that case, exactly the same reasoning as
above in Eqs. (13)-(15) leads to the conclusion that the
geometric mean of M(%i) is bounded from below by the
expectation values of Vn:
n∏
i=1
M(%i) ≥ Tr
n⊗
i=1
%i Vn . (16)
In the case of sequential preparation those states that
have been prepared earlier have to be stored for a longer
time than those that are prepared at a later time, so
that they will have more time to decohere. In the typi-
cal situation that entanglement is to be established over
a macroscopic distance, each of the subsystems will in-
teract with its local environment, so that decoherence is
5a purely local effect that can not increase entanglement.
Therefore, the value of any entanglement monotone can
only decrease during storage, what allows to conclude
that the expectation value of Vn obtained with those im-
perfect ‘copies’ also provides a lower bound onM for the
state % before storage:
(M(%))n ≥
n∏
i=1
M(%i) ≥ Tr
n⊗
i=1
%i Vn . (17)
Therefore, even under imperfect conditions, one still ob-
tains a reliable outcome.
B. Concurrence
To get more specific, let us focus on the case of con-
currence, and measurements of two identically prepared
quantum states. In this case there are four invariant ob-
servables P−⊗P−, P−⊗P+, P+⊗P−, and P+⊗P+, but
only three of them are independent, since they sum up
to unity. The concurrence of pure states is given exactly
in terms of P− ⊗ P− only. By continuity one therefore
expects that the expectation value of this operator also
gives a reasonable estimate for the concurrence of very
weakly mixed states. However, this expectation value
can overestimate concurrence. The expectation value of
P−⊗P+, or P+⊗P− with respect to a twofold state %⊗%
on the other hand vanishes exactly if % is pure, and indeed
these two observables allow to estimate the mixing of a
given state: Tr %⊗% (P−⊗P++P+⊗P−) ∼ (Tr%)2−Tr%2.
Thus, one can get a – so far still qualitative – idea of by
how far concurrence might be overestimated. In order to
find a lower bound on concurrence, one has to subtract
some contribution from P−⊗P− in order to rather under-
estimate concurrence; and since this contribution should
be connected with the mixing of the quantum state %, we
use the ansatz V = P−⊗P−−α1P−⊗P+−α2P+⊗P−,
where α1/2 are positive prefactors that have to be ad-
justed so that Eq. (12) be satisfied for this choice of V .
And, indeed such prefactors can be found, and one has a
valid lower bound on the concurrence of arbitrary mixed
states for 1 ≥ α1 ≥ 0, and α2 = 1−α1 [28]. In particular
for weakly mixed states, this bound gives a very good
estimate of the actual value of concurrence, and also for
states with substantial mixing the bound yields surpris-
ingly good assessment [28]; but one should not expect
to be able to recover the exact border between separable
and entangled states with such means, since such an in-
vestigation requires more knowledge on a state then just
the few expectation values that are utilized here.
V. OUTLOOK
The present approach allows for a systematic con-
struction of observables to be measured ofnseveral identi-
cally prepared quantum states, many of which have been
proven to be entanglement monotones for pure states
[22, 29]. Lower bounds for all those monotones can be
derived for mixed states, given knowledge of properties
of the respective observables on pure states only. And,
although currently only the case of measurements on two
identically prepared quantum system has been general-
ized to mixed states, the significantly facilitated situation
of pure states as compared to mixed ones, gives reason
to expect that also monotones invoking more than two
copies can be generalized to mixed states.
The case of concurrence [28] shows that the measurable
bounds are the tighter the weaker a state is mixed, and
one might wonder wether one can improve the present
bounds in order to obtain better results for highly mixed
states. Currently, this question can not be answered rig-
orously but it is expected that measurements on an in-
creasing number of copies will yield tighter bounds, and
it would be very nice to find observables Vn, such that
the measurable bounds converge to the exact value of
concurrence, or an other monotone for measurements on
an increasing number n of identically prepared quantum
states.
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